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To explain the difference between leptons and quarks, it is assumed that electroweak gauge bosons,
leptons and quarks are composites of elementary fermionic constituents denoted by partons (not to
be identified with quarks) or subfermions, respectively. The dynamical law of these constituents is
assumed to be given by a relativistically invariant nonlinear spinor field theory with local interaction,
canonical quantization, selfregularization and probability interpretation. According to the general
requirements of field operator algebraic theory, this model is formulated in algebraic Schroedinger
representation referred to generating functionals in functional state spaces. The derivation of the
corresponding effective dynamics for the composite particles is studied by the construction of a map
between the spinor field state functionals and the state functionals of the effective theory for gauge
bosons, leptons and quarks. A closer examination of this map shows that it is then and then only
selfconsistent if certain boundary conditions are satisfied. The latter enforce in the case of electroweak
symmetry breaking the difference between lepton and quark states. This difference can be analytically
expressed as conditions to be imposed on the wave functions of these composite particles and leads
ultimately to the introduction and interpretation of color for quarks, i.e., the characteristic of their

strong interaction.

Key words: Substructure of Quarks and Leptons; Effective Dynamics; Difference of Leptons and

Quarks.

1. Introduction

In the standard model of elementary particle physics
leptons and quarks are assumed to constitute the
fermionic part of its basic particle set, i.e. in this model
leptons and quarks are considered to be the ultimate
fermionic constituents of matter without substructure.

In spite of the enormous success of this model with
respect to the experimental verification, it raises a lot of
theoretically and experimentally unsolved questions,
see [1], Sect. 3.10, [2], Sect. 5.7, [3], Sect. 12, and
these have led to further alternative model building
since several decades, see [1].

One of these unsolved problems is the existence of
lepton and quark families, or more simply: Why quarks
are different from leptons and why do they exist in gen-
erations?

If one tries to answer these special questions, one
is confronted with the basic problem by which kind
of model the standard model should be replaced, be-
cause within the standard model itself one cannot find
any reason for the difference of leptons and quarks and
their replication.

At present the general tendency prevails to embed
the standard model into theories with grand unifica-
tion, supersymmetry, superstrings, etc., see [1]. But to
solve the above problem we prefer the compositeness
hypothesis as a possible approach of model building.

While the former model building leads to an en-
largement of symmetries and (or) dimensions, etc., the
latter approach should lead to a simplification of the
basic particle set and of the interactions. Thus from an
economic point of view the compositeness hypothesis
is very attractive. Nevertheless, before starting a the-
oretical discussion one should have a look on experi-
ments. Does there exist any experimental hint in favour
of this hypothesis?

In high energy physics deep inelastic scattering pro-
cesses of photons by photons and similarly of quarks
by photons seem to provide signals of composite-
ness of the photons themselves, [4-6], as well as
of the quarks, [7-9]. In addition an unexpected con-
firmation of compositeness comes from the study of
superfluids with an enormous variety of experimen-
tal facts and analogies to high energy physics and
even cosmology, [10]. We consider these facts as a
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justification of theoretical research in compositeness
models.

In the past decades such a model was developed
which we use as a suitable candidate to treat quanti-
tatively the substructure of elementary particles. This
model is based on a relativistically invariant nonlin-
ear spinor field theory with local interaction, canoni-
cal quantization, selfregularization and probability in-
terpretation. It can be considered as the quantum field
theoretic generalization of de Broglie’s theory of fu-
sion, [11], and as a mathematical realization and phys-
ical modification of Heisenberg’s approach, [12], and
is expounded in [13, 14].

Its basic particle set consists of partons (not to be
identified with quarks) or subfermions, respectively,
which are assumed to be the elements of the substruc-
ture of the elementary particles of the standard model.
In this model the formation of additional new partonic
bound states is not excluded, where the latter can act as
additional “elementary particles” in the corresponding
effective theory replacing the standard model.

In analyzing the problem why quarks are different
from leptons, we refer to this model. In particular,
in its simplest version the electroweak gauge bosons
are assumed to be two-parton bound states, while the
fermion families are assumed to arise from three par-
ton bound states. The latter assumptions are made in
several compositeness models, [15]. Among other au-
thors, the three fermion substructure of leptons and
quarks was proposed by Harari [16] and Shupe [17].
But apart from this assumption our model has no-
thing in common with the Harari-Shupe model or other
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with v! := 1 and v? := i~5. The field operators are
assumed to be Dirac spinors with index o« = 1,2, 3,4
and additional isospin with index A = 1,2 as well as
auxiliary fields with index 7 = 1, 2, 3 for nonperturba-
tive regularization. The algebra of the field operators is
defined by the anticommutators
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resulting from canonical quantization. All other anti-
commutators vanish.
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models cited in [15], because the mathematical for-
mulation and evaluation is different from previous at-
tempts in this field.

In previous attempts, see [15], the difference be-
tween leptons and quarks was generally explained by
attributing to quarks special algebraic and group the-
oretical degrees of freedom, whereas in the case un-
der consideration we start with a globally invariant
SU(2) ® U(1) spinor theory, and the difference be-
tween leptons and quarks is generated by the dynamics
of the model itself. Being composite particles, the ef-
fective dynamics of leptons, quarks and gauge bosons
will be studied. In this case the consistence of the map-
ping from the basic parton theory to the corresponding
effective theory imposes subsidiary conditions which
enforce the difference between lepton and quark states
and hence offers an explanation of the difference of
leptons and quarks themselves.

Thus, before discussing the latter problem we first
develop the formal proofs for the derivation of the ef-
fective dynamics of these composite particles and, sub-
sequently, based on the results of these investigations,
we can treat the actual problem in the last section.

2. Algebraic Representation of the Spinor Field

The algebraic representation is the basic formula-
tion of the spinor field model and the starting point for
its evaluation. In order to avoid lengthy deductions we
give only some basic formulas of this formalism and
refer for details to [13, 14, 18]. The corresponding La-
grangian density reads, see [14], Eq. (2.52)

1)

To obtain a uniform transformation property with re-
spect to Lorentz transformations, the adjoint spinors
are replaced by formally charge conjugated spinors,
which are defined by

Piai(®) = Captagi(z), ®)
and the index A is introduced by

wAAM(w:(jgzjg;; A= ;) @

Then the set of indices is defined by Z := (A, A, «, 4).



752

The operator formulation of the theory by means
of (1) and (2) cannot be evaluated without further
preparation. In order to obtain definite results from this
theory a state space is needed in which the dynamical
equations can be formulated. This is achieved by the
use of the algebraic Schroedinger representation. For
a detailed discussion we refer to [13, 14, 18]. Here we
present only the results and definitions.

To ensure transparency of the formalism we use the
symbolic notation

(Y1, .. A1,) ==Yz, (r1,t) . Yz, (va,t)  (B)

with Iy, := (Zg, 1k, t). Then in the algebraic Schroe-
dinger representation a state |a) is characterized by the
set of matrix elements

(@) == (0JAWYr, - - Yr,)|a),

where A means antisymmetrizationin I ... I,,.

By means of this definition the calculation of an
eigenstate |a) is transferred to the calculation of the
set of matrix elements (6) which characterize this state.
For a compact formulation of this method, generating
functionals are introduced, and the set (6) is replaced
by the functional state

n=1...00, (6)

, — i" . :
[A(jsa) =Y ] > mally .. Iula)jr, - -1, [0)y,
n=1""I..I,
@)
where j; := jz(r) are the generators of a CAR-alge-
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bra with corresponding duals d; := dz(r) which sat-
isfy the anticommutation relations

1, 01/] = 0z2:8(r — 1), (8)

while all other anticommutators vanish.

With 97|0) ; = 0 the basis vectors for the generat-
ing functional states can be defined. The latter are not
allowed to be confused with creation and annihilation
operators of particles in physical state spaces, because
generating functionals are formal tools for a compact
algebraic representation of the states |a): To each state
|a) in the physical state space we associate a functional
state |.A(j; a)) in the corresponding functional space.
The map is biunique, and the symmetries of the orig-
inal theory are conserved. Nevertheless this map does
not induce any equivalence of the kind indicated above.
For details see [13, 14].

In order to find a dynamical equation for the func-
tional states, we apply to the operator products (5) the
Heisenberg formula

2 AW, ) = (A, ), H]

n=1...00,

C)

where H is the Hamiltonian of the system under con-
sideration.

If |0) as well as |a) are assumed to be eigenstates of
H, then between both states the matrix elements of (9)
can be formed, and subsequent evaluation leads to the
functional equation, see [13, 14]

ElA(Ga)) = [Knindn — Wnininin (01,01,01, + Ay AL g, J0,30,901,)]| A3 a)) (10)

with E§ = E, — Ey and summation convention for 1, etc.
The symbols which are used in (10) are defined by the following relations:

K1, ==1iDY (D), — m) 1, (11)
with

Dilg = Y 004y A0, 45041, 0(T1 — T2), L 1y 2= M oy 004, 4504, 1,04,3,0 (1 — T2), (12)
and

Wiisn = —iDY [ Vin 1,1, (13)
with

2
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h=1

Bijigiy =1, i2,13,94=1,2,3

(14)
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and the anticommutator matrices
AIIIZ = )\il (070)011&251411420}11/1251'11'26(1‘1 - 1‘2). (15)

So far this functional equation holds for any algebraic representation. A special representation can be selected
by specifying the corresponding vacuum. This can be achieved by the introduction of normal ordered functionals.
Using the summation convention for I they are defined by

7

NE

[F(550)) = explgin FrnjnllAG; a)) =: ) —en(l - Ina)jn - . j1,10)s, (16)
n=1

where the two-point function

Fr1, = <O‘A{¢Zl (rlat)wzz(r27t)}‘o> (17)
contains an information about the groundstate and thus fixes the representation.

The normal ordered functional equation then reads

E§|1F(j5a)) = Hr(j,0)|F(j; a)) (18)

with
Hp(j,0) = jnKnndn + Winnn[indnondn — 3Fnkjn jkd,0n, + 3F Lk, Fiak.
1 (19)

Equation (19) is the algebraic Schroedinger repre-
sentation of the spinorfield Lagrangian (1), written in
functional space with a fixed algebraic state space.
With respect to the physical interpretation of this for-
malism two comments have to be added:

i) The algebraic Schroedinger representation is the
formulation of the Hamilton formalism for quantum
fields independently of perturbation theory. Neverthe-
less, for the justification of this procedure the findings
of perturbation theory are indispensible.

From the perturbation theory one learns that during
the time interval where mutual interactions between
the particles take place, these particles cannot be kept
on their mass shell. This means that in order to get
nontrivial interactions one is not allowed to enforce the
particles on their mass shell all the time.

The formal treatment of perturbation theory starts
with the Schroedinger picture, i.e., the Hamilton
formalism which explicitly avoids the on shell fix-
ing of particle masses. Hence, if this treatment
of the perturbation theory is extended to the case
of composite particle interactions, the use of the
Hamilton operator leads to the formalism introduced
above.

+ ZAI4K1AISKZ)JILJKIJKQaIQ - (FI4K1F13K2 + ZALLKlAISKZ)FIQKBJIIJKLJKQ.?K:J'

Then one will ask whether in consequence of this
procedure relativistic covariance is completely lost. In
perturbation theory this is not the case, because the
equivalence of the Hamilton formalism and the covari-
ant formulation can be shown. A similar result can be
obtained for the composite particle theory in algebraic
Schroedinger representation: The corresponding effec-
tive theories for composite particle reactions can be co-
variantly formulated too.

ii) In general, in the literature spinor field models,
like the NJL-model in nuclear physics, are considered
as effective, low energy theories. If spinor field models
are to play a more fundamental role, they need a special
preparation to suppress divergencies. In the case under
consideration this preparation is expressed by the in-
troduction of auxiliary fields with constants A; in (1),
(2) and (14), (15), which are designed to generate a
nonperturbative intrinsic regularization of the theory.

This regularization is closely connected with the
probability interpretation of the theory. As the X, are
indefinite, an indefinite state space of the auxiliary
fields results. Hence these auxiliary fields are unob-
servable, and a special definition of a corresponding
physical state space is needed. This definition is iden-
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tical with the intrinsic regularization prescription and
leads in turn to probability conservation in physical
state space. Furthermore it can be shown that the latter
property can be transferred to the corresponding effec-
tive theories themselves. For details we refer [18].

3. Bosonization in Functional Space

With respect to an application in section 5, we first
treat the simple case of collective modes where bound
states are represented by fermion pairs. In nuclear
physics this treatment has a long history, [19, 20], and
in solid state physics it is applied in numerous ver-
sions. Following [19] we shortly give the central for-
mulas of the conventional method of approach, which
afterwards will be modified to treat the problem under
consideration.

Let

In)f = a?;la;z .. ab:nila;zn |0) ¢ (20)
be an even numbered fermion state in fermionic Fock
space with creation operators a; and the correspond-
ing Fock vacuum |0) ¢, see [19] Egs. (2.5), (2.6), and
let

+

— +
|n>B - b{ﬁlﬂz T bﬂgn—lﬂzn}|O>B (21)

be the corresponding bosonic Fock space with creation
operators b , and the corresponding Fock vacuum
|0) 5, where the brackets in (21) mean antisymmetriza-
tion = A, see [19], Egs. (2.1), (2.3). Then the operator

— 1
Z/{ = Z E Z bglag e b§2n—10¢2n
n=0

a1...02n
‘O>B f<0|a011a0¢2 s Qogy g Gagy,

(22)

transforms the fermion state (20) into the boson
state (21), see [19], Eq. (2.4),i.e.

|TL>B :./\/'Z/{\n>f, (23)
where A/ is an appropriate normalization factor, and
where the exponential in [19], (2.4), is represented by
its power series expansion.

If the formulas (21)—(23) are systematically eval-
uated, then Schroedinger equations in fermionic Fock
space can be transformed into Schroedinger equations
in bosonic Fock space.

In the case under consideration the algebraic
Schroedinger representation of the spinor field replaces
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the ordinary Schroedinger equation in Fock space, and
the corresponding equation is defined by the functional
equation (18), (19) in functional space.

A transformation of the latter functional equation
to describe fermion pairs leads to a corresponding
bosonic functional equation in algebraic Schroedinger
representation. For this case, exact mapping theorems
were derived in [21, 22] and [23]. In [23] the functional
mapping formalism was formulated in close analogy to
ordinary bosonization in Fock space.

In the algebraic Schroedinger representation the
central formula which defines the map into the boson
representation was originally given by the expansion,
see [13,14],

gﬁn(fl R Ign|a) =

1 I 12 Ion 112, (24)
> etk ko) CL2 L Ofznitnd
ki...kn

where the wave functions C}!" are single time func-
tions which result from fully covariant wave func-
tions oy (z1,z2) by formation of the symmetric limit
ty — t, ta — t, and by separation into parts which de-
scribe the wave functions of collective variables. So the
wave functions C/!" reflect in their structure their rel-
ativistic origin by containing the relativistic deforma-
tions, but no genuine energy eigenvalue equation can
be derived for them. In addition the state space of the
auxiliary fields is indefinite, see Section 2.

From these facts it follows that in general C'; is not
the dual of Cy,. In contrast to the Fock space mapping
methods in nuclear physics, it is thus necessary to in-
troduce dual states R¥,,, where both types of states are
assumed to be antisymmetric functions

Clf ==’ mh=-Rb. @9
and where the relations
> CiRy, =6, (26)
I 1o
1
D Oy P RE = 50007 =007  (@7)

k
have to be satisfied by definition, provided the wave
functions {C}} are a complete set of antisymmetric
functions in (11, I2)-space.
In order to show the equivalence of both sides of
(24), we study the inversion of (24) by multiplying
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(24) with the corresponding duals and summing over
I ... I5,. Using here and in the following the summa-
tion convention for k, I, etc., this gives

Ry, Ry g oIy Topla) = a(k: .. knla)
(28)
with
o(ky .. knla) = Sgiro(ky . kyla),  (29)
where
SHIN = Gy 2 Biine B,
11 oy
: C,i{lb ...c,ﬁznflfzn}.
(30)

The latter tensors have the projector properties

Skl knsjl Jn

S = Spin, (31)

From this it has to be concluded that a bijective map-
ping for the functions appearing in (24) can only be
achieved if (24) is replaced by, see [21, 23]:

ﬁé(kl

{12 Ton 112}
Lot laeatand

on(ly ... Iapla) = cknla)

(32)

Then according to (31) formula (28) is indeed the in-
verse of (32).

In the next step we define the generating functional
state for bosons by

F(bla)) i l

with the functional creation operators b, and the func-

tional Fock vacuum |0) 5, where with the duals E)Z of
bi, the commutation relations

[bx, O] -

are postulated, while all other commutators vanish.
Furthermore, for later use we define the projector

P= Z

n|@)b, .. bk, |0)5 (33)

3

= Ok (34)

b1, 0)BS) 1 5 (0[O, .-y, (35)
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which leaves the boson state (33) invariant:

P|F(bla) = | F(bla)). (36)

Therefore, by the definition (16) of the fermion func-
tional state, by the definition of the mapping rela-
tion (32) and the definition of the boson functional
state (33) a bijective map between (16) and (33) is es-
tablished.

It remains the task to transform the eigenvalue equa-
tion (18) for the fermion state (16) into a corresponding
eigenvalue equation for the boson state (33).

The first step must be to replace the mapping defi-
nition in configuration space (32) by a corresponding
mapping definition in functional space.

By generalizing relation (22) the following defini-
tion was introduced by Kerschner [23]:

=1

T0,0") =S =bp, .. . bi,|0)
n; nt (37)
.lecllb "'Rllcél_llz <O|ah . Iz s

which leads in analogy to (23) to the mapping defini-
tion

| F(bla)) = T (6,97 F(jla)),

and owing to the general definition of duals (26), (27)
the inverse relation of (38) reads

(38)

IF(jla)) = 8(j,")|F(bla)) (39)
with
= ]11 . 'jIZn‘O>f
n; )! (40)
A I O Y (1] O

In contrast to nuclear physics the inverse operator of 7°
is not its Hermitean conjugate, but (40).
For these operators the following relation can be de-
rived, [23]:
T(b,0")8(4,0") =P (41)
and
8(,0")T(b,0") =1(j,9"). (42)

Using these relations, equation (18) can be mapped
into equation
= Hp(b,")|F(b]a))

Eg|F (b]a)) (43)
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for the boson functional states (33) with and

Hp(b,3") = T(b,0")Hr(j,07)S(j,0"). (44)

To evaluate (44), the commutator between 7 and H g
has to be derived. This can be achieved by the combi-
nation of two special commutation relations, [23]:

T(6,9")j1 = 2R¥ by T (0,073

T(b,09)019) = KL T (b,07)

Egs. (2,7), (2,8), etc.

(45) For the case under consideration one obtains

EG|F(bla)) := {K"™ b0%, + Q" (br + I bibyd ) + W 10708 + WK (by + I} biby0ger )0
o+ WK g+ Tl by by @y Yoao 0y -+ W (g, + T, b, bug D) (b + T2, bry by Dy ) Y (bla)
where the various tensor coefficients are defined by the following relations
K" .= 2K, 1, RE (CBR Q= 2Ky, Fi, RE 1,
W = 2U, 1, 1,1, RY, O WY = —6U1 11,1, Fra RS, 1O,
WK .= aU;, 1, 1,1, BF 1 Fr 1 + %AMAISI/)R’}I,R’})’KC{M,

k1 k- 1 k k-
With = AU 1,1, (B Frp + ZAL;IAL%I/)Ffzf”RlleRI’zI”’

174 . 111> pl Is1y 4
Fkk’ T _2Ck RIzIBCk/ RLLII'
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(46)

and repeated application. Similar commutator relations
were evaluated and applied in nuclear physics, [19],

(47)

(48)

The effective boson functional (47) can be transformed into those equations in [21,22], which were derived

earlier without using the formalism introduced above.

4. Mappings with Two-fermion and Three-fermion
States

Phenomenological theories describe the interactions
of bosons and fermions. If a partonic substructure of
these particles is assumed, this leads to the necessity
to derive effective dynamical laws for the simultane-
ous occurrence of composite bosons and composite
fermions. In this respect, at present, the most promi-
nent example is given by the quark structure of mesons
and nucleons in nuclear physics. In the simplest case
this leads to the problem of a simultaneous treatment of
two-fermion (quark) and three-fermion (quark) states.

A similar situation arises in the parton model of ele-
mentary particles, where gauge bosons are assumed to
be composed of two partons, while leptons and quarks
are assumed to have a three parton structure.

In both cases the elementary quark or parton dy-
namics, respectively, can be described by appropriately
regularized NJL-models like that defined by the La-
grangian (1), and thus from these models an effective

dynamical law for the composite bosons and fermions
has to be derived.

Concerning the literature of such more compli-
cated mappings, in physical Fock space the two-
fermion-one-fermion problem was discussed in detail
by Meyer, [24]. The same problem, referred to the
algebraic Schroedinger respresentation in functional
space, was treated by Kerschner, [23]. In addition Ker-
schner, [23], developed a derivation of an effective the-
ory for the two-fermion-three-fermion system, which
is of interest with respect to our problem. Unfortu-
nately, in the latter case the corresponding proof has to
be rejected, because it does not properly take into ac-
count the boundary conditions and the effect of dressed
particle states on the mapping. Thus a new line of ap-
proach is necessary to solve this problem.

In this section we first treat the formal derivation
of the mapping procedure, while in the following sec-
tions the physical implications of this proceeding are
to be studied, and corresponding modifications are to
be introduced.
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The elements of the map are the two-fermion and
the three-fermion states. The former are defined by the
boson states (25), (26) and (27), while for the latter
states we postulate the general orthonormality relations
between wave functions C, and their duals R¢

Cy B R, 11, = 07 (49)
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and the completeness relations

I 1215 pg _
§ :Cq Ry =

q

= 11[213
31 {5 5 as”

(50)
The map of the parton state (16) onto a corresponding

functional state for composite bosons and fermions is
achieved by a generalization of the transformation (32)

to the case under consideration. The boundary conditions will be incorporated afterwards.
For brevity we replace the parton indices I; simply by | , i.e., Ry, 1, is replaced by R, 5y, apply the summation
convention for repeated numbers, and define the transformation by

eulli - dnla) = DN Gnpmesedlkr . kg1 q)CF? oPm A
m=0r=0 (51)
. C(2m71,2m+2,2m+3) C(2m+3r72,2m+37“71,2m+3r)}
0 .
with
okt a1+ ) = Spt k;ﬂfqli ok K dl) (52)
and
K1k, v k . .
Sk/l k! ,flqll qq’r, . _R(112 R(2m 1 2m)R(ém+1 2m+2,2m+3) * R(2m+3r 2,2m+3r—1,2m+3r) (53)
. C{ 1,2) C(le_l’le)C(Qm +1,2m'+2,2m’ +3) C(2m +3r'—2,2m’ +3r'71,2m'+3r')}
ki e q/ o q:,./ .
In analogy to (31), the matrix (53) has the projector property.
Using the the functional formulation, in this case the state (16) is mapped into its image functional state
\F(b, fra) =YD > 6, 2 o oy ( 0 o(k1 . Ky qi - qela)biy - b o o fo |0V BE  (54)
n=2m=0r=0 AT
by application of the operator
f oo oo o0 k k:’n
b f,a Z Zz6n2m+3r )( |)b 1 "bkmfth"'er‘O>BFR(11,2)"'R(2m71,2m)
n=2m=0r=0 (55)
r f f
Rqém«kl 2m+2, 2m+3 R((]2m+3r 2,2m+3r—1 2m+3r <0‘a 817

where the boson operators satisfy the commutation re-
lations (37), and the fermion operators satisfy the anti-
commutation relations

[far O]+ = 67, (56)

while all other anticommutators vanish, and the defini-
tion |0)gr := |0)p ® |0) ¢ for the functional vacuum
state is used.

It should be noted and it is remarkable that the value
n = 1 is not included in equation (54) as well as
in (55), because it is impossible to find within the com-
posite particle set a composite particle combination for
n = 1. As in the general case all n-numbers are re-
quired for a nondegenerate map, the ommision of the
n = 1 term has to be justified in order to obtain a
selfconsistent theory. After having completely derived
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the effective dynamics of two- and three-fermion states
we will treat this problem in section 6 in detail. Here,
we only indicate that the omission of the n = 1 term is

If one defines

oo 0 o0

Z Z Z on 2m+3r

n=2m=0r=0

S(j,0%,97) :

. C(2m+l,2m+2,2m+3)
o Ce

and

Pi= ZZZn.m.

n=0m,m’'=0rr'= 0

bkm f¢h :

analogous relations to equations (36), (38), (39), (41) -
(44) hold for these operators, while after rather lengthy
rearrangements equations (45) and (46) are replaced by

Tijx = 20k RiTOr + 3f4R} TI1d1, (59)

Tk ok = Ch 00T (60)

and

T91,91,01, = C}. 1, 1,00 T. (61)

For brevity all details of these calculations were sup-
pressed.
Thus, by means of these relations equation (18) can
be mapped into the two-fermion-three-fermion sector.
Before doing this in detail, we rewrite the energy
operator (19) in the form
Hp(j,0) :=

with
HdF(]7 a) = jIlKhIzaIz

(63)
+ W11[2[3[4 [jflaf4af:safz

—3FL,KkjniKk01,0L)
and
Op = WI11213I4

1 L.
. [(3FI4K1F13K2 + ZALLKIAISKZ)]IIJKIJKQaIQ
1 (64)
— (Fr,x, Fryi, + ZAI4K1A13K2)

: Flngjthlezst} :

a0y O

a0V BRSE ,m o 5r(0d), ...
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closely connected with the requirement that the three
parton states describing leptons and quarks have to be
genuine three particle states and are not allowed to
have projections into the one particle (parton) sector.

C]i2mfl,2m)

(57)
pr{0d] .07 3} ..o},

C(2m+3r72,2m+37“7 1,2m+3r)
qr

b b
9y -y (58)

q.

Obviously QF has to be interpreted as a generalized
quantization term, where the anticommutators Ay,
which govern and define the abstract algebra, are mod-
ified by the influence of the vacuum, i.e., the influ-
ence of the special representation which is under con-
sideration. In addition, if this representation is mapped
into the two-fermion-three-fermion sector, further de-
formations of the original operator quantization rules
are to be expected.

Because we are primarily interested in the effective
dynamical law of the two-fermion-three-fermion sec-
tor, we postpone the investigation of these modified
quantization terms and concentrate on the transforma-
tion of the terms in (63) which decribe the system dy-
namics (under the influence of the vacuum?!).

In particular one recognizes that under the influence
of the vacuum the system develops two-body forces
which are given by the last term in (63).

Transformation of 7% leads to the equation

EG|F (b, fla)) = { (K + My)brd)
+ (Kgp + Myp) f40] + W 25,07 )
+ W £,0707 +
+ Wflq2p1p2 fql fqzaf af

P17 p2

+ WM, 1,00 HF (b, £la))

Wiyrkalilap, b 97 97, (65)

with

N k l
Ky = 2Ry K1, 1,Clp,
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My == —6Wr, 1,1, Fr,x Ricr, Cly 1,
Kgp = SR?I’IIKHIQCZII/’
Mgy == =W 11,0, Frux

’ (R(I]KII 0?2131 - R?I/KCZI:;I/)?
Wlklllz = 2W11[213142RII€I1Cglcgl;g7
qulp = 3W11121314R?1/11 0?411105213»
W§1k2l1l2 .

(66)
= 12W11[2[3[4FI4KRII€}1 R’IC?KC?I'CKLV

q192p1P2 . __ g1 q2
W4 = _27W11121314FI4KRII’11RKleK

P1 q2
: CI’KIKQ CIgIgI’

apkl , _ q P k
WA = —24W 1, 1ty 1, Fraie (R ieClr, Bl

l q P k l
N CI/I// - R11’11012131RK/KCI’K/> .

For the evaluation of the coefficient functions (66) the
wave functions of the corresponding particles are re-
quired. With respect to these wave functions and their
calculation, detailed investigations were performed in
several papers. The boson wave functions can be ex-
actly calculated, see [13,14]. The fermion functions
are discussed in Section 6. In Sects. 5 and 6 the sum-
mation convention will again be applied.

5. Constraints by Dressed Particle States

Formally, the mapping calculations of Sect. 3 are ex-
act, provided the necessary preconditions are observed.
But even if all these conditions are satisfied, physically,
the map is inadequate. This inadequacy stems from the
fact that by its construction the mapping formalism of
Sect. 4 does not incorporate the effects of dressed par-
ticle states.

The existence of dressed particle states induces ad-
ditional correlations which must be incorporated into
the dynamics in order to narrow down the set of pos-
sible solutions of Equation (65) to those solutions
which are physically meaningfull. Therefore the for-
malism of Sect. 4 has to be supplemented by consider-
ing the influence of such dressed states on the effective
dynamics.

Two decades ago a proposal was made, [25], to
solve this problem. Based on the development of the
formalism of dressed particle states, [26], [13], [14],
this proposal can now be elaborated in more detail, and
the result can be incorporated in (65). Concerning the
dressed particle formalism, we refer to [14] and take
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over the formulas and results needed for our discus-
sion from [14]. In particular, the dressed boson states
are of interest with respect to the modification of the
effective dynamics in (65), i. e., we concentrate on the
treatment of these states in the following.

As an intermediate step we deviate from the method
of Sect. 2 and 3 and introduce an explicit func-
tional representation of the dressed boson states by the
ansatz, see [14], Eq. (5.50)

Iy 127+zn
b27,k - § :CQJk‘

j=1, 2,

...][2j+2n,

(67)

The index j describes the number of fermion pairs
which lead to irreducible boson states, while n char-
acterizes the contribution of the polarization part re-
sulting from the excitation of fermion pairs, etc., in
the vacuum. Furthermore, by the definition of dressed
boson states any term in the expansion (67) must be-
long to the same quantum numbers, as otherwise a
unique description and characterization of dressed bo-
son states would be impossible.
The inversion of (67) reads, see [14], Eq. (5.52),

Z Z Rh Izrb% ks

k =1

]IQT (68)

where the R-functions in (68) are the duals of the C-
functions in (67), see [14]. For fixed k and j, the du-
als R?* are projectors, which from the set of possible
boson generators by, ; project out the generators rep-
resenting the quantum numbers k, j and no other ones.
Hence the duals R?* must be elements of the same
irreducible representation to which b; 5, belongs.
For r = 3 one obtains from (68)

. . 2,k 4,k
.711 . ']Iﬁ = Z I:RI;...IGb27k + RIl---IGb4’k

¥ (69)
+ R?;Ii.lﬁ bG,k .

To resolve this formula, we represent the fermion states
of Sect. 3 in the explicit form

faq = C3I}ll2ligj11j12j13 (70)
with the inversion
I J1.J1s (71)

_ 3,1
= Z Rhlzl:sf?’vl’
l
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Then, multjplying (69) by the antisymmetrized product
C3te 3 of two fermion states, for the left hand side
of (69) the following relation

1 P 3,1 3,0 . .
Z @(—1) CIMI/\QINSCIMI,\SIAGJH"'.716
A1 X6 (72)

3,1 Lo 3.1 L.
= O LnininitsCrrdninsie = Is1fs0

results, and thus (69) is transformed into

1 Ix, In, I Is Ix. T
Jaufsr = Z (_1)P§ZC331 A2 ABCS’A[,‘ x5 ng
)\1‘..A5 k
' {R?f--fs bo + Rp" 1 bak (73)
+ R?f..lﬁb&k]

If we are not interested in the coupling of the higher
order boson states b4, and be ;, to the fermionic cur-
rent, we can suppress the corresponding terms in (73)
and obtain from (73)

_ I IaI3 ~I4Is1s 2.k
f3,lf3,l’—§ Gy O3 Ry 11,1515 02,k
k
Dk
= E Rijyba i,
k

if the antisymmetry of R>* in I, ..., I is observed.

In (74) C3! @ C3! acts as projector which then
and then only gives a nonvanishing expression if the
guantum numbers attributed to this projector coincide
with those of b, ;. For electroweak bosons b, and
fermion functions C'3!, €31 this is the case if the
fermions are assumed to be leptons or quarks, and if in
the corresponding projectors these functions are cho-
sen in an appropriate group theoretical combination.
Hence from these fermion state combinations, a non-
trivial contribution to the polarization cloud of the elec-
troweak bosons is expected.

Having derived relation (74), we consider it as
a constraint which relates (composite) fermions to
bosons, and we return to the exact mapping theorems:

We disregard the functional operator relation (74)
and consider the set { RF, } as the starting point for a
bosonization in the functional F-space of the effective
theory (65).

If the set { RF, } is assumed to be complete, one can
construct the corresponding set of dual states {C, }
and can thus apply the mapping procedure to Equa-
tion (65).

(74)
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In so doing, we consider the boson operators in (65)
as spectators and transform the F-space into an F-
space and a boson space with generating sources b.
After having performed this map, we identify the b-
generators with the original (spectator) b-generators
to achieve selfconsistency with the constraint (74).
This step is justified as long as phenomenologically
the electroweak bosons are only characterized by their
quantum numbers. In the effectivce theory it is then
impossible to discriminate by 5, from b j,.

The exact treatment of this (2,1)-map runs along the
same lines as that of Sect. 2 and was performed by Ker-
schner in [23]. To avoid lengthy deductions we refer
directly to the corresponding formulas of [23].

To apply the (2,1)-map to the effective energy oper-
ator of (65) we rearrange it into the form

Heff(b7f7 ab7af) =

.y - (75)
Hl(b7fva 78‘ )+H2(b7fva 78 )
with
Hy = K af W a192P1P2 af af
1- qpfq D + 4 f(hftm P17 D2
Ho = (Kl + Mp)bed; + Wi 0,9;,97,  (76)

+ Wéﬁkzlllz bkl bk’g a;}l a?g )
and
Kgp = (K1, +MJ, + Wi + Wi b,97). (77)

Denoting the corresponding mapping operators by T
and S, from [23], Eq. (3.305) it follows

~ ~ ~ ~ 7 5b D
T 1,98 = 2R CH by, Oy, + f493]P.

2

(78)

Furthermore, from [23], Eq. (3.303) one obtains

P17 p2

- g ~ =~ ~r ~ ~ =b
Tf(h fqzaf af §= [2R§1qz (bk + F]ilk/ blbl/ak’)
—2(RE .87 — RE 87y fr, 9L

qi7T2 7 q2 q27m2 7 q1

(79)

+ ffh fQ2:| aﬁlazzfﬁ
Having derived these relations, one can transform (65)
into the b-f space by applying the rules of Sect. 2 and 3.
This gives with

T|F (b, fla)) = |F(b,b, fla)) (80)
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for equation (65) the expression

E§|F(b,b, fla)=THeps (b, £,3°,0")ST|F(b, fla)

—H(B,b, 1,9 ,9",0")|F (b, b, fla)),
(81)

because (36) holds likewise for the projector P.
Introducing the constraint b = b means identifying

~ ~b
the b generators and their duals 0 with the spectator

generators b and their duals a’.
Under these constraints one obtains from (81)

H=Hs(f,0")+Hy(b,0") +Hy (b, £,0",9) (82)
with

Hy:= (Kizfp + ]V[z{p)fqaﬁ + WHERER fy, fqzazlaﬁz’

(83)
Hy =Ky + M)+ (K, + Mf,)2RE,CPbd)
+ (Wi 42w P RY O a0y, (84)

+ Wyttt WPt 2 R P b, b, 9,

and
H .:qupabf a‘f—i—ququlszRk b0l of
bf - 2 YJq% 4 q192"kYp1 Yp;
+ ngklbka?fqa£+Wflq2plp2 (85)

[F/élk/' blbl/az’ + (R(];l T2 5221 _ngzrz 62’11 )bkfrlafz]agl a]flz
For a complete identification of electroweak gauge
bosons, leptons and quarks it would be necessary to
evaluate their effective dynamics in detail, which hy-
pothetically is defined by the functional energy opera-
tor (82). This would exceed the scope of this paper. It
is, however, possible to discriminate analytically lep-
ton and quark states without explicit evaluation of (82),
as will be demonstrated in the following section.
Although in this paper the identification problem of
composite particles is not explicitly treated by evalu-
ating (82), it should be emphasized: for the supposi-
tion that (82) is a meaningful description of the ef-
fective dynamics of these bosons and fermions it ex-
ists a strong evidence. If exchange forces are partly
neglected an approximative expression for the effec-
tive dynamics can be formulated and derived by rep-
resenting boson and fermion states directly in the
form (67) and (70) instead of using the exact mapping
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formula (51). For this case several explicit evaluations
were performed which allowed to identify bosons and
fermions with the elementary particles of the standard
model. For a review see [14].

6. Boundary Conditionsfor Fermion States

From (66) it follows that for the application and
evaluation of the mapping theorem the explicit knowl-
edge of the wave functions of the various particles is
required. In this section we concentrate on the role of
fermion states within this mapping formalism. In par-
ticular we will demonstrate why the omission of the
n = 1 termin (54) and (55) can be justified and leads
to a discrimination of leptons and quarks.

Starting with the Lagrangian density (1), by
means of the field theoretic formalism generalized
de Broglie-Bargmann-Wigner (GBBW)-equations for
three-parton states can be derived, the solutions of
which are assumed to represent lepton and quark states.
The Lagrangian (1) and the corresponding GBBW-
equations are invariant under the global SU (2) @ U (1)
superspin-isospin symmetry group, and the solutions
of the GBBW-equations are to be representations of the
corresponding permutation group, i.e., for three-parton
states under the group Ss.

With respect to these groups as well as the Lorentz
group, a group theoretical analysis was performed
in [27], the result of which leads to the table

[ S A A A X’ %

t 12 1/2 1/2 1/2 1/2 1/2 1/2 1/2
ts /2 —1/2 1/2  —1/2 1/ —1/2 1/2 —1/2
f 1 1 -1 -1 1/3 1/3 —1/3  —1/3
q 1 0 0 -1 23 -—1/3 13 -2/
e v v e U d d U

for the classification of leptons and quarks by their in-
ternal superspin-isospin wave functions .

In this table the isospin quantum numbers t and ¢ 3
are to be identified with the quantum numbers of the
unbroken electroweak SU(2) gauge group, and no dis-
tinction is made between lefthanded and righthanded
particles. The latter difference comes about by parity
symmetry breaking and is not the topic of this inves-
tigation. The fermion number f in this scheme is con-
nected with the weak hypercharge by f = 2y. Using
this relation, the values of the table are in complete
correspondence to the phenomenological values of the
lefthanded particles, see for instance [28], Table 22.2.
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Analogous values characterize the lepton and quark
states of the higher generations, where the occurence of
the latter states depends on the calculation of the mass
spectrum to be done in the last step. In a preliminary
way this was shown in [29] by calculations with the
corresponding energy equation in the ultralocal limit.
Furthermore, by means of the Clebsch-Gordan coeffi-
cients, isospin representations for ¢ = 3/2 can be de-
rived. After electroweak isospin symmetry breaking
it is assumed that the corresponding masses are ex-
tremely large and are thus at present unobservable, i. e.,
for getting a more realistic information about the par-
ton structure of leptons and quarks, electroweak sym-
metry breaking has to be taken into account.

Nevertheless, even if this symmetry breaking is in-
cluded in the calculation of eigenstates of GBBW-
equations, no explanation of the difference between
lepton and quark states can be given within this for-
malism.

However, it will be demonstrated that after elec-
troweak symmetry breaking an explanation of the dif-
ference between leptons and quarks can be given by
observing the n = 1 term boundary condition for the
mapping on to an effective theory.

To evaluate this condition it is necessary to change
from charge conjugated spinors to G-conjugated
spinors, as the group theoretical analysis in [27] is re-
ferred to these quantities.

This transformation reads
wnai ({IJ) - Gnn”z/;n/ai (LC)7 (86)

where 1 is defined by the set (¥, %) and G is defined

by
1 0
G_(O —Z.UQ)'

With (86) and (87) the three-parton states ¢ 1, 1,1, Of ¢,
respectively, are transformed into

(87)

~R1K2K3 J—
Parozas (331, T2, 333) -

oy (88)

oRikakg
GﬁlK,/l GK2K,/2 Gﬁgf-@gquagag (lea T2, 1’3),

and application to the superspin-isospin group genera-
tors leads to the transformation laws

v ) 1 k 1
GF =G GG = 5 (“O ;)k) =51 ® ok (89)

H. Stumpf - Why Quarks are Different from Leptons

and

F’:G—lFG:1<1 O)

1
§a3 ®1.  (90)

3\0 -1
According to Sect. 4, the two-fermion-three-fermion
map does not apply to the n = 1 sector of the orig-
inal functional equation (18), (19). Hence this map is
then and then only compatible with this equation if the
n = 1 sector vanishes identically. This can be consid-
ered as a boundary condition imposed on the map.

To simplify the notation we use the covariant bound-
ary condition for n = 1, which reads

(DYp0u —mir)pr = Win 1,010 1,1,- (91)

This condition is completely equivalent to the corre-
sponding condition in the algebraic Schroedinger rep-
resentation (18), (19) and thus can replace the latter.

If condition (91) is transformed into the G-
conjugated representation, this yields
(Dga/ap - miaaa’)aii’a/l/l’ 6AA’X(A/A/)($)1" -

Ot/
> g [vh 0 04,0447 (0" C)anas cay g cay a
GAi | Vaa, 04450447 azasCALALCAL AL
h

+7130426/1/1;614145(Uhc)ozsozlc/lg/l’chgA'l (92)

00, 544,0445 (V" C)ayanCara CA;A'J

. Ag/}icyzgéyl(A;Aé)(AéAé)(x, z, ).
One can interprete (91) or (92), respectively, in the fol-
lowing way:

Let »(®) be a nontrivial three-parton state amplitude
which vyields after substitution in (92) a nonvanish-
ing right hand side. Then, if »(®) describes a physical
state, due to the field theoretic construction of (92) a
wave function (1) has to exist with the same quantum
numbers as (3. Hence (3 cannot be the most ele-
mentary description of this state. Therefore if leptons
and quarks are to be genuine three-parton states, their
wave functions must decouple from ¢ (1), i.e., substi-
tuted in (92) for these states the right hand side of (92)
must vanish, which automatically includes the vanish-
ing of (1),

Without worrying about the mechanism of the sym-
metry breaking one can accept its existence and ask
for the group theoretical consequences with regard to
the construction of the set of states under consider-
ation. After the electroweak symmetry breaking has
taken place only one algebraic constraint remains in
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the superspinor-isospinor space, namely the eigenvalue
condition of the charge operator, see [28], p. 302. l.e.,
in the state space only the charge operator has to be
diagonalized. This gives the condition

QrXinr + QuiXxnir + QLiXnIr = AXN L1
(93)

where the solutions of this condition can be con-
structed by direct products of one particle states.

In the one-parton sector the eigenvalue condition
reads

Qi Xrwa ()i = qXnal2); (94)
with
e lF' — 15 3 14 5
Q = 3+2 =3 A1A20A1A2+60'/11A2 AL Ag-
(99)

The eigenvectors of the charge operator are derived
by means of the ansatz .o (7); = ¢\ xa(z,1); with
¢t = 6.1, 1 = 1,...,4. For the three-parton case
the eigenvectors are generated by the direct products
h @l @l withly,ly,ls=1,...,4.

For unbroken symmetry, in general such direct prod-
ucts cannot be considered as appropriate eigensolu-
tions, because the complete wave functions ¢ or
x®), respectively, have to be antisymmetric. But with
the loss of the full symmetry by symmetry breaking,
the permutation symmetry is lost, too, see [30], and
thus single direct products of one-parton functions can
be considered as representatives of the various states. If
each of these direct products is an eigenvector of (93),
then there exists a total of 64 states, which, however,
are highly degenerate in general.

To illustrate this we give the representatives of
the set of degenerate states for the leptons, where
the eigenfunctions ©7 of superspin-isospin are simply
given by direct products in the form

J . . ) )
@AlAl,A2A27A3A3 ° 5A1,Ozjl 5A2,Otj2 6143,0(‘%
-0

(96)
A 675/1 B](SA Bj7
1,81 " A2,85 " A3, B3

which with o7 and 3] as the superspin-isospin quan-
tum numbers of the single particle states leads to the
table above.

Translated into the language of the original states,
see [27], after symmetry breaking the leptonic states
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€] o s as B1 B2 B3 q f

oF 2 1 1 1 1 1 1 1 e
e? 2 2 1 1 1 1 0 1 o
e3 2 1 1 2 2 2 0 -1 v
et 2 2 1 2 2 2 -1 -1 e

can be written in the same form with respect to the
superspinor part. Furthermore, the symmetry breaking
has no effect on (92). By substitution of these states
into (92), the right hand side of this equation vanishes.
Therefore in both cases the leptonic states decouple
from the one-parton sector, remain irreducible states
and the boundary condition for the map is satisfied be-
cause this implies that ! vanishes too.

This situation is drastically changed for quark states.
We consider the superspinor-isospinor representatives
of the set of quark states given by the table

E] o P as P11 P2 B3 q f

o° 2 1 1 1 1 2 2/3 /3 u
e’ 2 2 1 1 1 2 —1/3 1/3 d
o7 2 1 1 1 2 2 1/3 —1/3  d
o8 2 2 1 1 2 2 —2/3 —1/3 g

which is referred to the representation of ©7 by one
particle superspinor-isospinor states (96).

After symmetry breaking, the superspinor-isospinor
parts for quarks are expressed by such direct prod-
ucts, and substituting these states of the table into (92)
one easily verifies that in this case the right hand
side of (92) does not vanish. Therefore after symmetry
breaking the quark states have lost their irreducibility.

There is only one way to restore this irreducibility:
The local amplitude x(x, x, z) has to vanish.

In order to achieve this, a group theoretical argu-
ment is desirable. For instance it would be sufficient if
the quark states had nonvanishing orbital angular mo-
menta in their groundstates. Then the difference be-
tween leptons and quarks would be created if the lep-
tons had zero orbital momentum which is allowed only
for the leptonic ground states, see above.

The decision whether this group theoretical argu-
ment works, obviously depends on the group theo-
retical properties of the three-parton wave function
Clif2Is of Section 4. These wave functions cannot be
chosen arbitrarily. On the contrary: they have to be cal-
culated in accordance with the general field theoretic
formalism of the model under consideration. This is
guaranteed if the three-parton states are solutions of
the corresponding GBBW-equations, see above.

About the solutions of these equations exact state-
ments can be made: by a slight generalization of the
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results in [31], it can be shown that in the rest system
the angular momentum operators J2 and .J3 commute
with the operators defining the GBBW-equation, and
by a slight modification of the results of [32], Sect. 5,
withouut symmetry breaking the intrinsic partity oper-
ator P commutes with the GBBW-operators, too.

The simultaneous existence of the associated quan-
tum numbers leads to the conclusion that in this case
the orbital angular momentum quantum numbers must
have definite values, too, see [33], Sect. 6.1 for a sim-
ple example. Owing to the relativistic invariance of the
GBBW-equations and the angular momentum condi-
tions these quantum numbers can be transferred to ar-
bitrary k-vectors, so the complete set of three-parton
states can be classified in this way.

Hence with respect to the three-parton solutions of
GBBW:-equations one can indeed verify the proposed
grooup theoretical argument, as in any case the solu-
tions without symmetry breaking are basic for further
calculations. More details will be elaborated in [27].
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The latter facts provide the basic for an approxi-
mate construction of quark states, proposed and elab-
orated in [34] and lead in consequence to a quantum
mechanical explanation of color, [34]. This explana-
tion is substantiated by group theoretical considera-
tions, see [35], Sect. 11.1, where it is demonstrated that
in quantum mechanics a representation space of the in-
variance group G with dimension n is simultaneously
a representation space of SU (n). For n = 3 in the case
O(3) this leads to a representation of SU(3).

With respect to the interpretation of the effective dy-
namics this transmutation was already quantitatively
studied in [34], see also [14], but a more detailed elab-
oration should be performed, including the results of
recent progress. This will be done else where.
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